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Abstract. In this article, we expose the reader to the theory of the Schramm Loewner evolution

and provide intuition. We will motivate it as the scaling limit of percolation on a hexagonal grid

and show that the Schramm Loewner evolution is the curve with the properties we would expect

from such a limit. We also mention basic properties and related open problems.

1. Introduction

The Schramm Loewner evolution is (roughly) the family of random non-self-crossing curves

which satisfy conformal invariance and a “domain Markov property.” These turn out to be the

scaling limits of several statistical physics models and have also found applications in studying

the geometry of Brownian motion, see for example [MP01] for an introduction to this topic. In

what follows, we take critical percolation on a grid as our motivating example and discuss how

the Schramm Loewner evolution arises naturally.

1.1. Critical Percolation. Consider some simply connected domain (open and connected)D of

the complex planeC bounded by a Jordan curve. Fix two points a, b P BD and letA denote an arc

from a to b. Fix some sufficiently small δ ą 0 and letHδ denote a planar hexagonal grid with edge

length δ. If a hexagon H P Hδ intersects A, we color it white, and if it meets the boundary but

not A, we color it black. For each hexagon in the interior, color it black or white with probability

1
2
independently. The percolation boundary is defined to be the interface γ between the black

and white regions connecting a to b.
It has been shown (among other things) that, in a certain precise sense that wewill not describe,

the δ Ñ 0 limit of the law of γ exists and is conformally invariant. By conformally invariant we

mean that if G : D Ñ D1
is a conformal (bijective and holomorphic in both directions) map

sending a, b to a1, b1, then the laws are related by µDab “ µD1a1b1 ˝ G, where µDab is the limit law

in domain D from a to b. This is not too surprising, since this is closely related to the following

process.

‚ Start a random walk onHδ at some vertex in D.
‚ At each step, with probability

1
2
, turn either right or left and move forward in that direc-

tion. Moving backwards is not allowed.

‚ Stop when the walk hits the boundary of D.

This has Brownian motion as its scaling limit, which is itself conformally invariant. We can

now us make a simplifying assumption. By the Riemann mapping theorem and Carathéodory’s

theorem,

Theorem 1.1. (Riemann mapping theorem) IfD,D1 ⊊ C are simply connected domains, then there
exists a conformal mapG : D Ñ D1.Moreover, if x P D, y P D1, and θ P r0, 2πq and we assert that
Gpxq “ y and argG1pxq “ θ, then the map is unique.

Theorem 1.2. (Carathéodory’s theorem) If D,D1 ⊊ C are simply connected domains bounded by
a Jordan curve, then any conformal map between the extends to a homeomorphism D̄ Ñ D̄1.
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Remark 1.3. In general, it is not true that conformal maps extend to homeomorphisms of the topo-
logical boundaries, even on the Riemann sphere C̄. However, this result does hold if we replace the
topological boundary with the Martin boundary (see [BN16]), and percolation can also be defined in
this setting.

such a map exists and we may restrict our attention to critical percolation from 0 to 8 in the

upper half plane H “ tz P C : Impzq ą 0u. Assume that A is to the right of the origin. Consider

the following property:

Proposition 1.4. (Markov-type property for percolation) Conditioned on the event that the first k
steps trace out a discrete curve β, the law of γzβ is that of a percolation interface from the terminal
point of β to 8 with boundary BD Y β̂, where β̂ is an appropriate small neighborhood of β.

This follows from the fact that there are black hexagons to the left and white hexagons to

the right of β, and from independence of the colors of hexagons in the interior. We had to con-

sider a small neighborhood of β only because we are defining percolation on a domain with a

Jordan curve as boundary, which again could be avoided by carefully restating the model. This

proposition leads to the idea that the limiting curve has a domain Markov property.

Definition 1.5. (Informal domain Markov property) Conditioned on γr0, ts, the law of γrt,8q is
that of µHtγt8, where Ht is the unbounded component of Hzγr0, ts.

This, along with conformal invariance, are the motivating properties for SLE. An important

idea in the analysis of laws whichmay satisfy these properties is to consider a family of conformal

maps gt : Ht Ñ H, so that the domain Markov property becomes a statement about SLE on H,
without reference to the potentially complicated Ht. It may seem natural to normalize gt so that
it sends γt to 0, and then it would say that gtpγrt,8qq is independent of γr0, ts and has the same

law as γ.While this is true, it will be easier to normalize in a more intrinsic way which does not

depend on the terminal point of γr0, ts. This is what we will describe in what follows. From this

point, we adopt a more rigorous style.

Figure 1. Realization of critical percolation on H
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1.2. Outline. In section 2, we introduce the objects of Loewner’s theory. In section 3, we con-

struct the Schramm Loewner evolution and discuss some properties. In section 3.1, we come back

to the critical percolation problem and give a heuristic argument for why the limit must be SLE(6).

2. Loewner Theory

Definition 2.1. (H-hull) A subset K Ă H is said to be an H-hull if it is bounded and HzK is a
simply connected domain.

Definition 2.2. (H-hulls of a curve) The family of H-hulls pKtqtě0 generated by a continuous
curve pγtqtě0 in H̄ is defined to be such that Kt is the complement of the unbounded component of
Hzγr0, ts.

Proposition 2.3. (Mapping out function) LetK be anH-hull. There exists a unique conformal map
gK : HzK Ñ H such that

gKpzq ´ z Ñ 0 as t Ñ 8.

We call this the mapping out function of K.

Proof. By the Riemann mapping theorem, there exists some conformal map g : HzK Ñ H.
SupposeK is contained inBrp0q and denote A “ t|z| ą ru. Since the points on pB XRq Y 8 are

all simple boundary points on C̄ (see [Con12]), g extends continuously to a homeomorphism g :
pAXRqY8 Ñ RY8. By a rotation, we can force gp8q “ 8 and gpxq P Rwhenever x P AXR.
By the Schwarz reflection principle, it follows that g extends to a conformal transformation of A.
Since it is injective, there is a simple pole at infinity and we have the following expansion:

gpzq “ a´1z ` a0 ` a1z
´1

` Op|z|´2
q.

Since g maps A X R to R, all coefficients are real. Since g maps H to H, the first coefficient is

positive. The only conformal automorphisms of H which send infinity to infinity are of the form

z ÞÑ az ` b for a ą 0 and b P R, so we construct our function uniquely as gK “ 1
a´1

g ´ a0
a´1

. □

Figure 2. Mapping out function corresponding to the hull of a non-self-crossing curve.

The above will be the correct normalization for the conformal maps we are looking for. The

idea will be to start with these maps and get the SLE curve out of them. Next we will discuss the

correct parametrization of these maps by capacity.

Definition 2.4. (Half plane capacity) The half plane capacity of anH-hullK, denoted hcappKq, is
said to be the quantity that satisfies

gKpzq “ z `
hcappKq

z
` Op|z|´2

q
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as z Ñ 8, where gK is the same mapping out function discussed above.

Definition 2.5. (Parametrization by capacity)We say that a family of hulls pKtqtě0 is parametrized
by capacity if hcappKtq “ 2t.We say a curve is parametrized by capacity if its hulls are parametrized
by capacity.

Proposition 2.6. (Scaling property of hcap) For any H-hull K and λ ą 0, we have the scaling
property hcappλKq “ λ2hcappKq.

Proof. Note that λ ˝ gK ˝ λ´1
has the following expansion at infinity:

λpλ´1zq `
λhcappKq

λ´1z
` . . . “ z `

λ2
hcappKq

z
` . . . .

Therefore, it is the mapping out function of λK and the result follows. □

The reason for choosing this parametrization is the following theorem. We remark that similar

results hold if we choose any λt instead of 2t; this is merely convention.

Theorem 2.7. (Loewner’s equation) Take t ÞÑ ξt a continuous real valued funciton. For each z P H,
let gtpzq denote the solution to the initial value problem

Btgtpzq “
2

gtpzq ´ ξt
, g0pzq “ z.

Let τz be the supremum over t ě 0 such that the solution is defined up to time t with gtpzq P H.
Let Kt “ tz P H : τz ď tu. Then gt is the unique conformal map from HzKt to H such that
gtpzq ´ z Ñ 0 as z Ñ 8. Moreover, hcappKtq “ 2t.

A version of the converse of this theorem is also true: if we have a non-self-crossing curve γt,
we may reparametrize it by capacity, and then the corresponding mapping out functions satisfy

the same differential equation. See [Law08] for more details on both directions. Our task is

therefore to pick the correct (random) driving function ξt.

Definition 2.8. In this setup, we say that
(1) pgtqtě0 is the chordal Loewner evolution (or flow or chain) with driving function pξtqtě0

(2) pξtqtě0 is the Loewner transform of pKtqtě0

(3) Kt is the hull of the Loewner evolution at time t
(4) pg´1

t pξtqqtě0 is the path of the Loewner evolution, if it is continuous and generates pKtqtě0.

The caveat in the last point is important. Not every real valued continuous driving function

yields a continuous curve. There are several criteria for the existence of such a curve which

come from Loewner’s theory. For example, if the driving function has sufficiently small Hölder-
1
2

norm, then the hulls are generated by a simple curve. However, this will not be enough for our

purposes.

3. Schramm Loewner Evolution

As we have seen, it is more natural to deal with hulls and conformal maps instead of curves.

Therefore, we will restate the domain Markov property and a consequence of conformal invari-

ance, scaling invariance, in terms of these objects. To do this, we must first define a measure

space of “continuously growing” families ofH-hulls. This will let us talk about random variables

in this space.
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Write K for the set of H-hulls, and fix a metric d of uniform convergence on CpH,Hq. The
space K admits the metric

dKpK1, K2q “ dpg´1
K1
, g´1

K2
q,

called the Carathéodory metric. The families we are interested in are hulls that can arise from

Loewner’s equation, which are all elements of some set L Ă Cpr0,8q,Kq parametrized by ca-

pacity. For an alternative characterization, see [BN16]. We make this into a measure space by

taking the σ-algebra to be the Borel sets of the topology of uniform convergence on compact time

intervals.

Definition 3.1. (Scale Invariance) DefineKλ
t “ λKλ´2t.We say that a random variable pKtqtě0 P

L is scale invariant if it has the same law as pKλ
t qtě0 (which is also an element ofL by proposition 2.6)

for any λ ą 0.

Definition 3.2. (Domain Markov Property) Define K
psq

t “ gKspKs`tzKsq ´ ξs. We say that a
random variable pKtqtě0 P L has the domain Markov property if pK

psq

t qtě0 has the same law and is
independent of σpξr : r ď sq for any s ě 0.

These two properties are enough to uniquely determine the (random) driving function we are

after. Scale invariance translates to “ξt is invariant under brownian scaling.” The domain Markov

property translates to “ξt has stationary independent increments.” Togetherwith continuity, these

imply that ξt is a Brownian motion with diffusivity κ ě 0.

Definition 3.3. (Schramm Loewner Evolution) The chordal Schramm-Loewner evolution from 0 to
infinity in H with parameter κ ě 0 (or just chordal SLE(κ)) is the chordal Loewner evolution driven
by ξt “

?
κBt, where Bt is a standard Brownian motion.

See [Law08] for the radial version of the Schramm Loewner evolution. As we discussed in the

previous section, it does not readily follow that Schramm Loewner evolutions are generated by

curves. The following is therefore a nontrivial result. See [Law08] for a proof of the κ ‰ 8 case.

Theorem 3.4. (Rhode-Schramm) The map g´1
t extends continuously to ξt for all t ě 0, almost

surely. Moreover, t ÞÑ γt “ g´1
t pξtq is continuous and generates pKtqtě0, almost surely. We call γt

the SLE curve.

Interestingly, SLEs exhibit a wide range of different behaviors for different values of κ. The
following is the canonical example of this.

Theorem 3.5. (Phases of SLE) Let pγtqtě0 denote the curve of an SLE(κ), and let pKtqtě0 be its hulls.
(1) (Simple phase) If κ P r0, 4s then γt is almost surely a simple curve.
(2) (Swallowing phase) If κ P p4, 8q then

Ť

tě0Kt “ H almost surely.
(3) (Space filling phase) If κ P r8,8q then γr0,8q “ H̄ almost surely.

For a proof of the first two, we refer the reader to [BN16]. The basic idea is to relate SLE(κ) to
the more familiar Bessel process with parameter

2
κ
.

3.1. Locality of SLE(6). By theorem 3.5, we can already guess that the limit of the critical per-

colation interface should be an SLE with parameter κ P p4, 8q. However, we can say more. Intu-

itively, this interface should not know anything about the domain it is in, other than the fact that

it should turn to infinity whenever it hits the boundary. This can be stated rigourously in the

discrete case, and we leave it as an exercise. In the continuous setting, it would look something

like the next theorem. This is an important property, which also what lets us prove things about

Brownian motion as in [MP01].
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Theorem 3.6. (Locality of SLE(6)) LetN, Ñ Ă H be simply connected domains and let I, Ĩ Ă R be
open intervals containing 0 such that N, Ñ, respectively, are neighborhoods in H. Let ϕ : N Y I Ñ

Ñ Y Ĩ be a homeomorphism such that ϕp0q “ 0 which restricts to a conformal map N Ñ Ñ . Let
pγtqtě0 be an SLE(6) curve and consider the stopping times

T “ inftt ě 0 : γt R N Y Iu, T̃ “ inftt ě 0 : γt R Ñ Y Ĩu.

Then pϕpγtqqtăT in its reparametrization by capacity and pγtqtăT̃ are equidistributed.

For the sake of exposition, we will abstract away most of the complex analysis. Firstly, if I and
Ĩ are proper subsets of R, then such a ϕ must exist, and it is in fact unique. This can be shown

by a reflection argument. Secondly, we construct maps with several nice properties.

Lemma 3.7. Let pKtq P L, and write ξt for its Loewner transform. Take ϕ be as in theorem 3.6, and
let K̃t “ ϕpKtq with Loewner transform ξ̃t. Then the maps

ϕt “ gK̃t
˝ ϕ ˝ g´1

Kt
: H Ñ H

have the following properties:

ξ̃t “ ϕtpξtq, hcappK̃tq “ 2

ż t

0

ϕ1
spξsq

2ds,

pt, xq ÞÑ ϕtpxq P C1,2 on an open set containing pt, ξtq for t ă T,

9ϕptq “ ´3ϕ2
ptq @ t ă T.

This lemma is proven in [BN16]. We can now prove the main theorem of this section.

Proof. (Locality of SLE(6)) By the previous lemma and the generalized Itô formula as in [Law08],

dξ̃t
T

“ 9ϕtpξ
T
t qdt ` ϕ1

tpξ
T
t qdξTt `

1

2
ϕ2
t pξTt qdxξT yt

“ p´3ϕ2
t pξTt q `

κ

2
ϕ2
t pξTt qqdt ` ϕ1

tpξ
T
t qdξTt .

In our case κ “ 6, so the finite variation term vanishes and we are left with a local martingale

with quadratic variation equal to

xξ̃T yt “

ż t

0

ϕ1
tpξ

T
t q

2dp6tq “ 3hcappK̃tq @ t ă T.

Let ηs “ ξ̃τs be its parametrization by capacity, and let S be the time-changed stopping time.

By the optional stopping theorem, ηs is still a continuous local martingale with respect to its

filtration. It has quadratic variation equal to

xηSys “ xξ̃Syτs “ 3 ¨ 2s “ 6s @ s ă S.

By Lévy’s characterization, it follows that pηsqsăS extends to a Brownian motion pηsqsě0 of dif-

fusivity 6. Write γ̃ for the SLE(6) curve driven by pηsqsě0, so ϕpγτsq “ γ̃s whenever s ă S and

S “ infts ě 0 : γ̃s R Ñ Y Ĩu. Thus pϕpγτsqqsăS and pγsqsăT̃ are equidistributed, as desired. □

This suggests Smirnov’s result; the limit of the critical percolation interface is an SLE(6) curve.

The vanishing of the finite variation term which occurs in the above proof only occurs for this

value of κ.
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4. Conclusions

In this article, we motivated the chordal Schramm Loewner evolution as the scaling limit of the

critical percolation interface. This gave three key properties: conformal invariance, the domain

Markov property, and locality. We found that there is a unique family of curves satisfying the first

two properties and called them curves of the chordal Schramm Loewner evolution. If we restrict

to the upper half plane, uniqueness is true if we assert that the curve is scale invariant, instead

of conformally invariant. To do this, we developed Loewner’s theory and considered families

of hulls and of conformal maps, and SLE was the curve resulting from the Loewner differential

equation with Brownianmotion as its driving function. After we added the locality property back

in, we saw that the only such curve is SLE(6), which suggests that this should be the scaling limit

of our motivating problem.

We mentioned that SLE comes up as a scaling limit of several statistical physics model. Here

is a list of a few of them, with their corresponding parameter values. The ones marked with (*)

are conjectured scaling limits. In most of them, the results are conjectured to generalize further.

The layout is left as a puzzle.

‚ -

‚ -

‚ κ “ 2 : Loop-erased random walk

‚ κ “ 8
3
: Self-avoiding walk (*)

‚ κ “ 3 : Ising model

‚ κ “ 4 : Harmonic explorer

‚ κ “ 16 : Schnyder woods (*)
‚ κ “ 12 : Bipolar orientations (*)
‚ κ “ 8 : Uniform spanning tree

‚ κ “ 6 : Critical percolation
‚ κ “ 16

3
: FK Ising model

‚ κ “ 4 : Level lines of Gaussian free field

(Credits to Professor Scott Sheffield; this list resulted from my understanding of his lecture).
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